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We present research on radiative decays of vector (JP¢ = 177) to pseudoscalar
(JFC = 0=1) particles (u, d, s, ¢, b, t quark system) using broken symmetry tech-
niques in the infinite-momentum frame and equal-time commutation relations and the
SU(6) Lie algebra, and conducted without ascribing any specific form to meson quark
structure or intra-quark interactions. We utilize the physical electromagnetic current
jbn(0) including its singlet U(1) term and focus on the SU(6) 35-plet. We derive new
relations involving the electromagnetic current (including its singlet — proportional to
the SU(6) singlet). Remarkably, we find that the electromagnetic current singlet plays an
intrinsic role in understanding the physics of radiative decays and that the charged and
neutral p meson radiative decays into 7y are due entirely to the singlet term in j&, (0).
Although there is insufficient radiative decay experimental data available at this time,
parametrization of possible predicted values of I'(D*? — D%y) is made. For conciseness
and self-containment, we compute all SU(6) Lie algebra simple roots, positive roots,
weights and fundamental weights which allow the construction of all SU(6) representa-
tions. We also derive all nonzero SU(6) generator commutators and anticommutators —
useful for further research on grand unified theories.

Keywords: Radiative decays of mesons; broken symmetry; infinite-momentum frame;
equal-time commutation relations; SU(6) Lie algebra.
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1. Introduction

It is remarkable that in many cases observed particles appear to roughly fit into
group-theoretical representation constructs which happen to be special unitary
group representations. While these group-theoretical constructs obviously require
that particles belonging to a particular representation all have the same mass,
that is not what one observes in the real world — thus the need for quark flavor
broken symmetry group techniques. To date, quantum chromodynamics (QCD)
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based on Lagrangians (involving the addition of the Higgs field and other terms)
invoking spontaneous symmetry breaking is the best theory for describing the real
world, although lattice gauge models are making headway. As is well known, no
theory capable of predicting and accommodating physical observations has yet been
developed which incorporates the gravitational force. Indeed, although glueballs are
predicted to exist in QCD, no uncontrovertible candidates have been found.

In this paper, we present research on radiative decays of vector (JF¢ =177) to
pseudoscalar (JP¢ = 0~7) particles! which appear to belong — at least in part —
(especially after application of broken symmetry techniques — infinite-momentum
frame and asymptotic symmetry is discussed in Sec. 2) to specific flavor SUg(6)
representations. The representations of SU(N) — [special (determinant = unity),
unitary] — classical Lie? groups are associated with the SU (V) classical, semisimple
Lie algebras via linearly independent matrix operators V, [the V, are linear “charge”
generators® — and V,*(z) = ¢'(z)(M\a/2)ij7"¢’ (z) are the corresponding charge
density operators (q represents the w, d, s, ¢, b, t quark system)] which act on
the relevant vector space where (bilinear) commutators of the V, are Lie products
acting over the real number field. Each V, is a Hermitian 6 x 6 matrix for N = 6
and there are 62 — 1 =35 V,,, where a = 1,...,35.

In addition, we also introduce the singlet U(1) matrix V which is proportional
to the identity matrix and commutes with all other generators and is explicitly
included in the physical electromagnetic current j£ (0). As we will discover in
Sec. 3, the singlet has an intrinsic role in understanding the physics of radia-
tive decays. Indeed, we introduce “generalized” Gell-Mann matrices (see Table 1)
Aa where V, = A,/2. We will find that specific combinations of the V, can be
ultimately constructed which represent physical “raising” or “lowering” operators
and we will label them using JP¢ = 0=% 35-plet pseudoscalar particle names.
Explicitly — in the infinite-momentum frame — (as we will demonstrate later in
this paper) — for example, the physical vector charge Vio is Vo = Vi + iV7 and
the physical vector charge V;+ = Vi +iVa. The A, satisfy the commutation algebra
[(Aa/2), (Mp/2)] = zzgfl fabe(Ac/2), where the fup. are structure constants (see
Table 2) (we choose fupe to be real and totally antisymmetric under permutations of
the indices abc — we note that this can be done for SU(M) groups in general). For
clarity and conciseness and self-containment, the SU(6) Lie algebra simple roots,
positive roots, weights, fundamental weights, nonzero commutators (see Table 3),
and nonzero anticommutators (see Table 5) are also determined which allow con-
struction of all SU(6) representations. In Table 4, we also give all nonzero totally
symmetric SU(6) tensors d;jx useful in studying quark—gluon scattering and other
processes. The d; ;i satisfy d;;r = 2 Te(Vi{V;, Vi }).

Unless otherwise specified (or context specified), Lie algebras — (usually
denoted by su(n)) — corresponding to Lie groups SU(N) — will just be denoted
by SU(N). Thus, SU(6) refers to the compact, analytic, continuous, semisimple
Lie algebra for the Lie group SU(6). Cartan® denotes SU(6) as As and SU(N)
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“Generalized” Gell-Mann and flavor U(1) singlet matrices.

Table 1.
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Table 2. Nonzero totally antisymmetric SU(6) structure constants f;;.

vt gk fijr i j k fijn i j k fijn i j  k fijk

1 2 3 1 1 4 7 1/2 1 5 6 —1/2 1 9 12 1/2

1 10 11 —1/2 1 16 19 1/2 1 17 18 -1/2 1 25 28 1/2

1 26 27 —1/2 2 4 6 1/2 2 5 7 1/2 2 9 11 1/2

2 10 12 1/2 2 16 18 1/2 2 17 19 1/2 2 25 27 1/2

2 26 28 1/2 3 4 5 1/2 3 6 7 —1/2 3 9 10 1/2

3 11 12 —1/2 3 16 17 1/2 3 18 19 —1/2 3 25 26 1/2

3 27 28 —1/2 4 5 8 V3/2 4 9 14 1/2 4 10 13 —1/2
4 16 21 1/2 4 17 20 —1/2 4 25 30 1/2 4 26 29 —1/2
5 9 13 1/2 5 10 14 1/2 5 16 20 1/2 5 17 21 1/2

5 25 29 1/2 5 26 30 1/2 6 7 8 V3/2 6 11 14 1/2

6 12 13 —1/2 6 18 21 1/2 6 19 20 —1/2 6 27 30 1/2

6 28 29 —1/2 7 11 13 1/2 7 12 14 1/2 7 18 20 1/2

7 19 21 1/2 727 29 1/2 7 28 30 1/2 8 9 10 1/(2v3)
8 11 12 1/(2v/3) 8 13 14 —(1/v/3) 8 16 17 1/(2v/3) 8 18 19 1/(2V3)
8 20 21 —(1/v/3) 8 25 26 1/(2v/3) 8 27 28 1/(2v/3) 8 29 30 —(1/v3)
9 10 15  6/3 9 16 23 1/2 9 17 22 —1/2 9 25 32 1/2

9 26 31 —1/2 10 16 22 1/2 10 17 23 1/2 10 25 31 1/2
10 26 32 1/2 11 12 15 V6/3 11 18 23 1/2 11 19 22 —1/2
11 27 32 1/2 11 28 31 —1/2 12 18 22 1/2 12 19 23 1/2
12 27 31 1/2 12 28 32 1/2 13 14 15 V6/3 13 20 23 1/2
13 21 22 —1/2 13 29 32 1/2 13 30 31 —1/2 14 20 22 1/2
14 21 23 1/2 14 29 31 1/2 14 30 32 1/2 15 16 17 1/(2V6)
15 18 19 1/(2v6) 15 20 21 1/(2v6) 15 22 23 —3/(2v6) 15 25 26 1/(2V6)
15 27 28 1/(2v6) 15 29 30 1/(2v6) 15 31 32 —3/(2v6) 16 17 24 /10/4
16 25 34 1/2 16 26 33 —1/2 17 25 33 1/2 17 26 34 1/2
18 19 24 10/4 18 27 34 1/2 18 28 33 —1/2 19 27 33 1/2
19 28 34 1/2 20 21 24 10/4 20 29 34 1/2 20 30 33 —1/2
21 29 33 1/2 21 30 34 1/2 22 23 24 V10/4 22 31 34 1/2
22 32 33 -1/2 23 31 33 1/2 23 32 34 1/2 24 25 26 1/(2v/10)
24 27 28 1/(2v/10) 24 29 30 1/(2v/10) 24 31 32 1/(2v/10) 24 33 34 —10/5
25 26 35 V15/5 27 28 35 +/15/5 29 30 35 V15/5 31 32 35 /15/5
33 34 35 V15/5

as Ay_1. It is known that the lowest-dimensional SU(N) representation is by
N x N, traceless matrix generators which we utilize in this paper. Data in this
paper are taken from the Particle Data Group.®:?

2Particle charge conjugate states are utilized in this paper.
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Nonzero SU(6) commutators.

Table 3.
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Table 3 (Continued)
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Table 3 (Continued)
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Table 3 (Continued)
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Radiative decays and the SU(6) Lie algebra

Table 3 (Continued)
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1.1. More about the SU(6) Lie algebra

The defining bilinear operation — the commutator [,] — involving the structure

constants and which determines the Lie algebra and a generator scalar product is

given by

where a, b =1, 2,

N2%-1
Vs Vil =i Y faeVe, (1a)
c=1
N2 -1
VY] = 56 (1)
fave = —i2 Tr([Va, Vi] V) . (1c)
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Table 4. Nonzero totally symmetric SU(6) structure constant related tensors d; .
i j  k d;jk i j  k dijk i j k d;jk i j k dijk
0o 4 k Sik/V3 1 1 8 1/V/3 1 115 1//6 1 1 24 1/4/10
1 1 35 1/v/15 1 4 6 1/2 1 5 7 1/2 19 11 1/2
110 12 1/2 1 16 18 1/2 117 19 1/2 125 27 1/2
1 26 28 1/2 2 2 8 1/V3 2 2 15 1/V6 2 2 24 1/4/10
2 2 35 1/v/15 2 4 7 —1/2 2 5 6 1/2 2 9 12 —1/2
2 10 11 1/2 2 16 19 —1/2 2 17 18 1/2 2 25 28 —1/2
2 26 27 1/2 3 3 8 1/V3 3 3 15 1/V6 3 3 24 1/+/10
3 3 35 1/v/15 3 4 4 1/2 3 5 5 1/2 3 6 6 —1/2
3 7T 7 —1/2 3 9 9 1/2 3 10 10 1/2 3 11 11 —1/2
3 12 12 —1/2 3 16 16 1/2 3 17 17 1/2 3 18 18 —1/2
3 19 19 —1/2 3 25 25 1/2 3 26 26 1/2 3 27 27 —1/2
3 28 28 —1/2 4 4 8 —1/(2v3) 4 4 15 1/V6 4 4 24 1/+v/10
4 4 35 1/v/15 4 9 13 1/2 4 10 14 1/2 4 16 20 1/2
4 17 21 1/2 4 25 29 1/2 4 26 30 1/2 5 5 8 —1/(2V3)
5 5 15 1/V6 5 5 24 1/4/10 5 5 35 1//15 5 9 14 —1/2
5 10 13 1/2 5 16 21 —1/2 5 17 20 1/2 5 25 30 —1/2
5 26 29 1/2 6 6 8 —1/(2v3) 6 6 15 1//6 6 6 24 1/+/10
6 6 35 1/v/15 6 11 13 1/2 6 12 14 1/2 6 18 20 1/2
6 19 21 1/2 6 27 29 1/2 6 28 30 1/2 T 7T 8  —1/(2V3)
7 7 15 1/v/6 7 7 24 1/+/10 7 7 35 1//15 7 11 14 —-1/2
7 12 13 1/2 7 18 21 —1/2 7 19 20 1/2 7 27 30 —1/2
7 28 29 1/2 8 8 8 —(1/v3) 8 8 15 1//6 8 8 24 1/4/10
8 8 35 1/4/15 8 9 9 1/(2v3) 8 10 10 1/(2v3) 8 11 11 1/(2v3)
8 12 12 1/(2V3) 8 13 13 —(1/V3) 8 14 14 —(1/V3) 8 16 16 1/(2v/3)
8 17 17  1/(2V3) 8 18 18 1/(2v3) 8 19 19 1/(2V3) 8 20 20 —(1//3)
8 21 21 —(1/v/3) 8 25 25 1/(2V3) 8 26 26 1/(2V3) 8 27 27 1/(2V3)
8 28 28 1/(2v3) 8 29 29 —(1/V3) 8 30 30 —(1/V3) 9 9 15 —(1/v6)
9 9 24 1/+/10 9 9 35 1/V/15 9 16 22 1/2 9 17 23 1/2
9 26 32 1/2 10 10 15 —(1/v/6) 10 10 24 1/+/10 10 10 35 1/+/15
10 16 23 —1/2 10 17 22 1/2 10 25 32 —1/2 10 26 31 1/2
11 11 15 —(1/v6) 11 11 24 1/4/10 11 11 35 1/V15 1 18 22 1/2
11 19 23 1/2 11 27 31 1/2 11 28 32 1/2 12 12 15 —(1/V6)
12 12 24 1/v/10 12 12 35 1/v/15 12 18 23 —1/2 12 19 22 1/2
12 27 32 —1/2 12 28 31 1/2 13 13 15  —(1/v/6) 13 13 24 1//10
13 13 35 1/v/15 13 20 22 1/2 13 21 23 1/2 13 29 31 1/2
13 30 32 1/2 14 14 15 —(1/v6) 14 14 24 1/V/10 14 14 35 1/V/15
14 20 23 —1/2 14 21 22 1/2 14 29 32 —1/2 14 30 31 1/2
15 15 15 —2//6 15 15 24 1/4/10 15 15 35 1//15 15 16 16 1/(2v/6)
15 17 17 1/(2v/6) 15 18 18  1/(2V6) 15 19 19  1/(2v6) 15 20 20 1/(2v6)
15 21 21 1/(2v/6) 15 22 22 —3/(2v6) 15 23 23 —3/(2v/6) 15 25 25 1/(2v/6)
15 26 26 1/(2v6) 15 27 27  1/(2V6) 15 28 28 1/(2V6) 15 29 29 1/(2V6)
15 30 30 1/(2v6) 15 31 31 —3/(2v6) 15 32 32 —3/(2v/6) 16 16 24 —3/(2/10)
16 16 35 1/V/15 16 25 33 1/2 16 26 34 1/2 17 17 24 —3/(2v/10)
17 17 35 1/v/15 17 25 34 —1/2 17 26 33 1/2 18 18 24 —3/(2v10)
18 18 35 1/v/15 18 27 33 1/2 18 28 34 1/2 19 19 24 —3/(2v10)
19 19 35 1/v/15 19 27 34 —1/2 19 28 33 1/2 20 20 24 —3/(2V/10)
20 20 35 1/V15 20 29 33 1/2 20 30 34 1/2 21 21 24 —3/(2V/10)
21 21 35 1/v/15 21 29 34 —1/2 21 30 33 1/2 22 22 24 —3/(2V/10)
22 22 35 1/V/15 22 31 33 1/2 22 32 34 1/2 23 23 24 —3/(2V10)
23 23 35 1/v/15 23 31 34 —1/2 23 32 33 1/2 24 24 24 —3/+/10
24 24 35 1/4/15 24 25 25 1/(2/10) 24 26 26 1/(2v/10) 24 27 27  1/(2V/10)
24 28 28 1/(2v/10) 24 29 29 1/(2v/10) 24 30 30 1/(2v/10) 24 31 31 1/(2v/10)
24 32 32 1/(2v/10) 24 33 33 —/2/5 24 34 34 —/2/5 25 25 35 —2//15
26 26 35 —2/V/15 27 27 35 —2/3/15 28 28 35 —2/V/15 29 29 35 —2/V15
30 30 35 -2/V/15 31 31 35 —2/v/15 32 32 35 —2/15 33 33 35 —2/4/15
34 34 35 —2/V/15 35 35 35 —4//15
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Nonzero SU(6) anticommutators.

Table 5.
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Table 5 (Continued)
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Table 5 (Continued)
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Table 5 (Continued)
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Table 5 (Continued)
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The structure constants and Lie generators have been constructed so that
they remain the same for SU(n — m), where n > m (n, m are positive inte-
gers). In general, commutators of Lie group generators (see Table 3) are them-
selves linear combinations of these same generators and the generator algebra
is called a Lie algebra.®!* If the group has r (group order) = N? — 1 gener-
ators, then there are (1/2)(r — 1)r = (1/2)(N? — 2)(N? — 1) possible genera-
tor commutation relations. The rank [ of a Lie group is equal to the mazimum
number of generators (linear) which mutually commaute. There also exist [ non-
linear Casimir operators C; = Z;Zl ajiVjHl, 1 =1,2,...,1, which commute with
all of the algebra generators. Following primarily the notation of Lichtenberg® but
also others:1920 — the mutually commuting generators are conventionally denoted
by H; (i = 1,2,...,1), where H; = H;', and [H;, H;] = 0 (i,5 = 1,2,...,1). So
Hi=V3=2 Hy=Vyg =28 Hy=Vi5=28 Hy =V =22 Hy= Vs =2
and H = (Hy, Ho, Hs, Hy, H5). The [ (maximal number of mutually commuting
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Hermitian generators) and H; (Cartan generators) are the basis for what is called
the Cartan subalgebra and constitute a linear space. The H; are Cartan (As) gener-
ators and the rank of the traceless, semisimple, compact Lie algebra of the classical
group SU(6) is (6 — 1) = 5 = number of H;’s.

1.2. Roots and weights

Given the generators V,, one can construct A = 22:1 a;V; and the eigenvalue
equation [A4, X] = pX, where X is some linear combination of the Vj, then one
can derive the secular equation (polynomial of degree ) for the (r — ) eigenvalues
called roots p, namely det(>'_, a; fijx—pd;i) = 0. For semisimple Lie groups (which
includes SU(N)), Cartan has shown that there are r independent eigenvectors (even
if there exist degenerate roots for p = 0) and the multiplicity of these degenerate
roots is equal to the rank .

We define (Cartan—Weyl formalism) [ = 5 generators (the H; mentioned above),
(r —1) = 30 remaining generators, E, = V,,, where a = (7%, K+, K° K° DO D°
D* DF B° B° B* BY BY Bf T+ T° T° TF 1O TO, Tbi), six-dimensional
basis states (vectors u;), the diagonal vector operator H, and six five-dimensional
weights (convention dependent) m(i) of SU(6):

H;=H", [H;,H;]=0,

1 (2a)
TI‘[HZ‘,HJ']: 5(51‘]', H= (Hl,HQ,Hg,H4,H5),
i
1
52
¢ 0
& 0
u; = 54 =u =|u) = ol
' 0
52 0
56 (2b)
0 0
1 0
0 0
up =y =1 o |us =l = s
0 0
0 1
Hu; = m(i)u;, m(i) = (my, ma, mg, ma, ms, mg) , (2¢c)
m(]‘) = (Hluv HQU; H?,’LL, H4u7 H5’LL) 3
(2d)

m(2) = (H1d, Had, Hzd, Hyd, Hsd)
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m(3) = (His, Has, H3s, Hys, Hss),
(2e)
m(4) = (Hyc, Hac, Hzc, Hyc, Hsc)
m(5) = (Hlbv Hva H3b; H4b7 H5b) 3
(2f)
m(6) = (Hlt, Hgt, Hgt, H4t, H5t) .
Using Egs. (2), Tables 1 and 3, we obtain
1 1 1 1 1
1’1’1(1) = (_a ’ ) ) ) ’
27237 2v/6 2v/10 2/15
(3a)
( )
22J’mf2¢_2¢_
9=ty sy )
C VB 2f 2v10" 2v15
(3b)
1 1
(070, )
2v6° 2v/10° 2/15
(5) = (o 0,0, ——2_ 1 )
m )
VIO’ 2V
(3¢)
5
6)=(0,0,0,0,——— ),
m(o) = ( )
(1) )=- Lo lsy (3d)
mu = T T 2%
i=6
> m(i)=0. (3¢)
i=1
So the jth component of m(k) is given by
2G+DI72 k<1,
m;(k) = § —il2i(G + D72 k=j+1, (4)

0 k>j+1.

The eigenvalues m(i) form a 5-simplex hexateron!!:2: and are the weights of the

first fundamental representation of SU(6) spanning a I-dimensional vector weight-
space. We use the convention that m is higher than m’ if the last component of the
vector m — m’ is positive — if that is zero, one moves to the next component and
so on. Thus, the (eigenvalues) m(i) in Eq. (3) are already ordered. There exist four
other fundamental representations of SU(6), however one can construct the entire
Lie algebra from the first fundamental representation. The positive roots «; are

m(i) —m(j) for i<j (i,5)=1,...,6. (5)
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There are 15 positive roots. We now introduce some helpful new notation:
s ovE Ve v oovp VS
Ve ovs VEovh vy VP
7S 74 VP 74 S 744
viovE ovE Ve VPVS
viovE v vE v VS
|7 74 V- VA A 7

Vs  Voy Vg Vso Vgi Vi

V.. Vs Vio Vpo Vo Vo
Vie Vgo Vis Vo Vgo Vo
S Voo Vor Vor Ve Ve Vio
Voo Veo Vg Vo Ve Vo
Vio Vet Vs Vap Ver o Vo
V3 Vi +iVa Vi +1iVs Vo +iVio Vie +1iVir Vas + iVag
Vi —iVa Vs Ve +iVz  Vii +iVie Vig +iVig Var +iVag
| Va—iVs o Ve —iVr Vis Viz +iVia Voo + Va1 Vag +iVao | (i) vi
Vo —iVig Vi1 —iViz Viz —iVig Vaa Vao +iVaz Vi1 +iVaa o
SU(6) 6 x 6 A% A A% iV \% A% \% A% Ve Ve A%
Lic algebra 16 —iVir Vig —iVig Voo —iVa1r Vaz —iVas 35 33 + Va4
generator Vos —iVag Vor —iVag Vaog —iVzg Va1 —iV3e Viz — iViy Vo
matrix
where each [¢ = row index, j = column index],
element 1 1 1 1
is also 1_
V= Vi — Ve + —Vig + ——Vas + —— Va5,
8 6% 6 1 3+\/§8+\/€15+\/ﬁ24+\/ﬁ35
matrix

1 1 1 1
V22 =-V3+ %VS + %Vls + \/T—OV24 + \/T—5V35,

. 1 1 1
Vg = *%VS + %Vls + ﬁvzzl + \/T—5V357

3 1
Vi= Vvis+ Vou + Vas ,
4 5 15 m 24 \/1— 35
4 1 5
Vo= — Vog + —=Vas, V&= —=Vis,
5 VTS 24 75 3 6 = 35
and
1 1 2 1 1 2 3
Vs = (Vi = V5), vgzﬁ(v1 + V-2V,
1
Vis = 2—\/€(V11 + VS + VP -3V,
1
Vag = EWAT (Vi + Vi + Vi + V! —av?d),
1
Vas = Wit (VP4 Ve + V) + Vi + V2 —5v9).
(6)
We also have
H,E.] = [H,V.] = p(a)Va, (7)

where the p(a) are [-dimensional root vectors spanning a (r — I) = 30-dimensional
root-space.
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We can extract all roots p(a) from the nonzero commutation relations given
in Table 3 and using Eq. (7). We define a root as positive if its last component
is positive — otherwise it is negative. In addition, it can be shown that p(af) =
—p(a) so that for instance p(7~) = —p(r*) = (—1,0,0,0,0). Thus, for V,, where
(@ =7, 7", Kt, K° K=, K° D°...,BT,...,T° ..., T;"), utilizing Eq. (2),
Table 1 (defines the V,, in terms of the A matrices), and Table 3 (which lists all
nonzero commutators), one can extract the positive root vectors p(«). One can also
obtain the positive roots by using:

positive roots are given by m(i) —m(j) fori<j. (8)

Either way, we obtain the following positive root listing — note that the positive
roots lie to the right of the diagonal of the 6 x 6 Lie algebra generator matrix in
Eq. (6) and have length 1:

List of positive root vectors

p(xt)=(1,0,0,0,0) (K+)7(§ 325.0,0, 0) p(BU):(%,ﬁ,%&,O,O)

o5 = (4 355 3h 59 0) T =(h sy b s ) pO=(~ 4 5%5.0.0,0)
o0 =( 1 5 F00) e5=(~h gy g ) P=(h 2 e )
PP =(0-Jy F00)  pED=(0- s ) A =(0 s st sk o)

p5)=(00 5% ) PTD=(00 sk ) e (000 kg o

Of the 15 positive roots, only | = 5 are linearly independent and complete and
are called the simple roots. The number of simple roots is equal to the rank of the
algebra, the number of Cartan generators. The simple roots are

ploy) =m(i) —m(i+1) fori=1,...,(6—-1)=5. 9)

List of simple root vectors

p(r+) = (1,0,0,0,0) p(KO) = ( 1,53=,0,0 0) p(D5) = (o,—%,%,o,o)

p(B) = (0,0.—5%.55=.0)  p(1y) = (0,0,0,— 25, &)

1.3. Fundamental weights

The fundamental representation weights p; of SU(6) are given by

2p(o) - _
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List of SU(6) fundamental weights

(1 1 1 1 1 —(p L 1 1 1 _ 3 3 3
m= (35 s v o) 2= (005 v v ) e = (0055 50 5o
— 2 2 _ 5
wa = (0,00, 25, 22) ns = (0,0,0,0, 722)

The rank [ p; are the highest (dominant) weights of the rank [ fundamental
representations and are complete. Thus, the highest weight p of any irreducible
SU(6) representation can be written in terms of these p;. Indeed, we have

2p(oy) - p
oy, (12)
l
p= lin, (13)
j=1

where the I; are Dynkin coefficients and are non-negative integers. The SU(6) 35-
plet is denoted by (1,0,0,0, 1). The standard Young tableau can be constructed by
noting that the kth Dynkin label is the number of tableau columns with £ boxes.
Thus, for instance, (1,1,0,0,0) ~ B:‘ In general (see Ref. 9), a tableau is specified
by p = (p1,p2,p3,pa,ps) (here the p; = positive integers = I; (j = 1,...,1) in
Eq. (13)) and the ith fundamental representation is given by

pi=1, p;=0, wherei#j fori,j=1,...(6—1)=5. (14)

Thus, (1,0,0,0,0) ~ [ ~ first fundamental representation of SU(6). We also
note that for an irreducible representation (irrep.) with p = (p1, p2, ps, p4, ps), the
highest weight is given by

l
Hdominant weight = Z Pil; - (15)
i=1

So the highest weight for the irrep. (1,1,0,0,0) is (%, ﬁg’ %, %ﬁ? %),

whereas the highest weight for the irrep. (1,0,0,0,1) is (%, ﬁg’ ﬁ, #ﬁ? \/%)
The dimension Dg of a particular representation with p = (p1, p2, ps, p4, ps) is

given by the following equation (see Ref. 9):

Ds(p1, p2, p3,P4s P5)

1
= (1 + 1)(p1 + p2 + 2)(p1 + p2 + p3 + 3)

2131415!
X (p2 +1)(p2 + 3 +2)(p3 + 1) (pa +1)(ps +p3 + 2)
X (pa+p3+p2+3)(pa+p3+p2+p+4)(ps+1)(ps +ps+2)

X (ps +pa+p3+3)(ps +pa+p3+p2+4)ps +ps+ps+p2+p1+5). (16)
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2. Equal-Time Commutation and Anticommutation Relations and
Infinite-Momentum Frame Asymptotic Symmetry

SU(6) 35-plet qq representation matrix

o d 5 ¢ b t
wt ud uS ué ub uf
di dd ds de db dt
st sd ss s¢ sb st
ci cd ¢ cé cb ct
bu bd bs bc bb bt
tu td ts5 tc tb tt

+ Q0 » Q.

SU(6) normalized, orthogonal, and traditional zero weight particle representation
states constructed using diagonal SU(6) group quark matrix elements

m) = [ ) = 17,
ut + dd — 2s5
Ins) = T>N|ﬂ>a
ull + dd + s5 — 3cé
Ims) = 2/3 >,
uii + dd + s5 + ¢ — 4bb
124) = 275 >7
uti + dd + 5 + c¢ + bb — 5tt
|7735>= \/% >,
utl + dd + 5 + &+ bb + tt
o) = g ).

In Ref. 22, using infinite-momentum frame broken asymptotic symmetry, we

calculated the magnetic moments of the physical on-mass shell J© = 3/ 2t ground-
state decuplet baryons without ascribing any specific form to their quark structure
or intra-quark interactions by using equal-time commutation relations (ETCRs)
which involve at most one current density, thus, avoiding problems associated with
Schwinger terms. Here, the ETCRs involve the vector charge generators (the V)
of the symmetry groups of QCD. They are valid even though these symmetries are
broken3:14:15,22-27,33-35
constructed.

As shown in Ref. 22 and references therein, infinite-momentum frame broken
asymptotic symmetry is characterized by the existence of physical on-mass-shell
hadron annihilation operators a,(k,A) (momentum k (|k| — 00), helicity A, and
SUpR(N) flavor index «) and their creation operator counterparts which produce
physical states when acting on the vacuum. Indeed, the physical on-mass-shell

and even when the Lagrangian is not known or cannot be
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hadron annihilation operator a,(k, A) is related linearly under flavor transforma-
tions to the representation annihilation operator a;(k,A). Thus, in the infinite-
momentum frame, physical states denoted by |, k, A) (which do not belong to
irreducible representations) are linear combinations of representation states denoted
by |7,k,A) (which do belong to irrep.) plus nonlinear corrective terms that are
best calculated in a frame where mass differences are deemphasized such as in
the infinite-momentum frame. Mathematically,4:15:22:23,:27-30 this i5 expressed by
lo, k, A) =37, Cajli k, A), [k| = oo, where the orthogonal matrix Cq; depends on
physical SUp(N) mixing parameters, is defined only in the co-momentum frame,
and can be constrained directly by ETCRs.

It cannot be overemphasized that the particular Lorentz frame that one utilizes
when analyzing current-algebraic sum rules does not matter when flavor symmetry
is exact and is strictly a matter of taste and calculational convenience, whereas
when one uses current-algebraic sum rules in broken symmetry, the choice of frame
is paramount since one wishes to emphasize the calculation of leading order con-
tributions while simultaneously simplifying the calculation of symmetry breaking
corrections,14:15,22-27,31-33

While we will only discuss the JP¢ = 0~ 35-plet representation in this paper,
nevertheless, it is instructive to outline our normalization conventions including
fermionic representation states. In Table 5, we give all nonzero anticommutation
relations, where the singlet U(1) matrix Vp is explicitly present. We have particle
four-momentum p = (po, p), with

[0 (p),a" @ (@)], = [ (), 4" (D), = Nubrs6*(p — P'),

U’T(T) (p)u(S) (p) = ND(STS )

vla) = 3 [ N @ )e 7 + 5O (e ],

o (p) = ((2m)*NyNp) " / &z et T (p)yor(x)

B ) = (2m)*NuNp) " [ @zt T p).

<S,, p,a >‘/|87 P, >‘> = 658’6)\)\’ (27()32}7053 (p/ - p) )

where a(")(p) and b(")(p) are creation operators, u(*) (p), v(")(p) are Dirac spinors,
() is a spin 1/2 Dirac field operator (s, A denote particle spin and helicity,
respectively), [¢) = Y7, \ [ Ny d®pls,p, \)(s,p, A[¥), (2m)°NZNR(N|Q#|N) is
covariant (transforms like Q) and (21)* NZNpN, = 1.

3. The Physical Electromagnetic Current

We now discuss the vector charges and two-particle basis states after impos-
ing a unitary homogeneous pure Lorentz transformation —Z boost such that the
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three-momentum k of all states has |k| — oo, and all creation operators produce

physical states when acting on the physical vacuum (see Refs. 22 and 23 for more

details).

First, we note that the charges operating on states (see Egs. (6), (17) and (18))

transform according to
VY |ak@) = 6%lai) — 0t awd;) -
Bras and kets are given by
D) (J7C = 071) = |ed) = [uatia)
<D*+,p’|(JPC =1"7) = (*cd| = ("uatiz], etc.,
where the spacelike four-momentum transfer ¢ is given by
q2: (p/_p)Q:Tn*Q_’_TnQ_2p/.p7
P = (E.s) = (Vs 4 55,05
p=(B,t) = (Vm? +,0,0,t.),

Set s, =rt, and 0 < r = const,

P p= s PR

*2 4 62 2 4 42
9 m* +s me+t 9
P rtz\/l—i— 73 ‘”\/1+ e = —rt7,
z

t,—00
A= 1/ m*2 482+ r?m?
p-p= 5 r )

[\~

r

q2 = _7(1_T) m*Q[l— < m22>7'] - ﬁ
r m* r

*2 2 2,2
m T+ s +r°m
q ——m*2+m2—( £ )

(19)

(20)

(27)

(28)

(29)

The physical vector charge Vio is Vo = Vi +1V7, the physical vector charge V,+ =

Vi £ V4, ete. The Ay, a = 1,2,...,35 satisfy the Lie algebra [(Aa/2), (Ap/2)]

i Y. fabe(Ac/2), where the fqp. are structure constants of the flavor group SUr(6)

and V" (z) = ¢'(2)(\a/2)i7" ¢ ().

The physical electromagnetic current j% (0) (u, d, s, ¢, b, t quark system) is

0 =0+ (1) o - (2) o

" <§)1/2v2’;1<0> - <§>1/2vz;g<0) ¥ <§>1/2 VO (30)
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where j{;(0) = jb 5(0) = the iso-vector part of the electromagnetic current,
j&(0) = the isoscalar part of the electromagnetic current. The flavor U(1) sin-
glet current Vo*(z) = ¢*(x) ()\O/Q)ij'y“qj (z) where \g = 1/1/31, I is the identity, so
that Tr(AaA\p) = 2845 holds for all Ay (a/ = 0,1,2,...,35), and j& = VJ'/+/3. The
U(1) singlet charge V) commutes with all of the V.

From the commutation relations in Table 3, we obtain the fascinating equation
(it contains only ETCRs and explicitly the electromagnetic current singlet jh') —
in broken symmetry j* = j£ (0) (momentum k with |k| — o0):

[ Ve Vi T [ 7%V | Ve o+ {3, | Vi
—2j“—2(‘\;—0;> =244 — 25l (32)

The angles between the simple roots appearing in Eq. (32) are: 9p(7r+),p(D,:) =
9P(D.:)7P(Tb_) = 90°. These angles correspond to the (u,d), (¢, s), and (¢, b) doublet
“sectors.”

For vector (V) — pseudoscalar (P) radiative decays, we have (in the infinite-
momentum frame [t, — oo, see Eq. (29)], A = 1 = vector meson polarization index,
pw=0,r=1,and s2 =0 = ¢> = 0 in the following matrix element):

(V13| P) = (V)7 e, (p, \)p,po ; (33a)
2 2 mg 3
T(V(p',A=1) = P(p) +v(¢*> =0)) = <9‘2r (m"mv P) : (33D)
3 1
— |96 my 2 . .
(V)] = [96 <m2v_m%)> F(V—)P—i—’y)} (33¢)

So for instance, if we evaluate Eq. (32) between the states (D* | and |D*) using
Egs. (17), (19) and (20) we obtain

(D) 4 (K%)= (D), (5
where

(D*%) = (D*°|#|D?),

(R0 = (K015,

(70 = (V).

x
\/_
x

V3
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We define

S
=)

Xl_— =

RS o &

~+
|

X0—+ = 77

b
Tt

Evaluating Eq. (32) between the 16 bra—ket state pairs with bras yields
O (o] (KH] (D0, (B, (T, (KO, (D7,

(B*°1, (T [, (D7, (B:°), (TS|, (BIF], (T2°] and (T,

then we find that

(DyNUDs™ [V [[Xo—+){(Xo-+]|V5, IDs )

— (D WV 11— ) (X015 [Xo—+ ) (Xo-+1IVp, | Ds ™)

=2(D57) = 2(Dg o,

S
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(BZ) +(T:7) = 2(B ), (48)
(B®) +(T2°) = 2(T " )o (49)
(B°) + (1% = 2(B:")o, (50)

(BI) +(T77) = 2T, (51)

(T3 NI (Vi - | [Xo- ) (Xo-+] Vi 1T57)
Ty Ve | [ K- )X 137 [Xo-+ ) (Ko-+] Vi 1T )

=2T,7) = 2(Ty; o (52)

Equations (37)-(52) explicitly demonstrate in broken symmetry the importance
of the electromagnetic current singlet U(1) matrix Vp contribution to radiative
decays. Indeed, one finds that I'(p*™ — 7%y) and T'(p° — 7%y) are entirely due
to the electromagnetic current singlet contribution. At present, insufficient data are
available for most of the decay matrix elements in Eqgs. (37)—(52). Even where there
are data, the signs of the matrix elements are not yet experimentally available,
although there exist theoretical models which predict matrix element signs.! From
Eqs. (39) and (44), we find that (D*~)o = (K**)o. Similarly, we find from Egs. (40)
and (43), we find that (D*%)g = (K*0)q. Very little is known about the behavior
of the singlet generator in broken symmetry, other than that given by Eqgs. (37)-
(52) — to partially remedy that situation let the right-hand sides of Egs. (39) and
(43) be proportional, i.e. (K*%)g = B(K**)o. We then obtain®

(D) 1 [, D) (K]
(K**) B (K*F) (K*+)

From data in Ref. 5, we get (+ signs are not correlated and f is assumed to
be 1) (an assumption suggested only by Egs. (37) and (38) p triplet charged and
neutral singlet results and perhaps holding for doublets as well):

(D*0)
(K*t)

_ﬂ*

where S #0. (53)

=1+ (£(0.56 & 0.08)) — (£(1.52 & 0.10))

+0.05+£0.13 for ++,
+3.06 £0.13 for + —,
—-1.06+0.13 for —+,
+1.95+£0.13 for — —.

This implies that (statistical propagation of errors — quadrature calculated):

0.137095 keV for ++,
468.0 £ 61.0 keV  f -,

(D™ — D)=y = oo (55)
56.0 £ 15.0 keV  for — +,

189.0 £ 31.0 keV for — —.
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r(D*°*-D%+y) [keV] versus 8

1750

1650

1550

1450

1350

r(D*°-D%+y) [keV]

1250

150

150

Fig. 1. T'(D*0 — DO +~) versus §.

In Fig. 1, we graphically show T'(D** — D + ~) versus § as f is allowed to
vary from —2 to 2.

From Fig. 1, we see that I'(D** — D%y) is dependent upon the signs of %
*0 *0
and % However, in unbroken SU(3) % is negative and = —2.1:1%:26 From
*0
experiment we therefore choose % = —1.51£0.10, so we expect the + — or — —
curves in Fig. 1 to be more physically predictive. From Table 3, we have at our

disposal
[Vio, j*] =0, (56a)
[Vpo, j#] = 0. (56b)

Evaluating (we neglect intermultiplet mixing with the K*(1410)) Eq. (56a) between
the physical asymptotic states (K| and |p*) and Eq. (56b) between the physical
asymptotic states (DT| and |p*), one obtains

(D) = (K"T) = (p7). (57)

Thus, we expect (conjugate states used) that % is positive and the +— curve in

Fig. 1, to be that which is operative. An experimental determination of I‘(D*O —
D) would then provide a value for 3 which may be useful in further research —
especially where higher rank special unitary groups and Lie algebras play a role.
Unfortunately, current experimental data from Ref. 5 yields only that I'(D*0 —
D%y) < 741.3 keV, CL = 90%.

1950108-48



Radiative decays and the SU(6) Lie algebra

At present, quantum field theories (including SUSY theories) have not been suc-
cessful in replacing the standard model (QCD... which does not include gravity)
with a grand unified theory without hierarchical or other problems. Generally
speaking, most theories are perturbative and renormalizable with local gauge fields
strongly related to Lie algebras and utilize spontaneous symmetry breaking. In
Lie algebraic representations of interest, anomalies (for instance, see Refs. 11, 36,
37, especially Chap. 22) and, Refs. 38 and 39 must vanish for physical representa-
tions — a severe constrain on those theories. On the other hand, Egs. (37)—(52) are
nonperturbative.

4. Summary and Conclusions

We presented research on radiative decays of vector (J©¢ = 177) to pseudoscalar
(JPC = 0~1) particles (u, d, s, ¢, b, t quark system) using broken symmetry tech-
niques in the infinite-momentum frame and equal-time commutation relations. The
research utilized the SU(6) Lie algebra characterization of flavor SUp(6) represen-
tations and the physical electromagnetic current j£ (0) including its singlet U(1)
term and focused on the 35-plet. The research was conducted without ascribing
any specific form to meson quark structure or intra-quark interactions by using
ETCRs which involve at most one current density, thus, avoiding problems asso-
ciated with Schwinger terms. We found that the electromagnetic current singlet plays
an intrinsic role in understanding the physics of radiative decays where (bilinear)
commutators of the SU(6) Lie algebra generators are Lie products acting over the
real number field. Indeed, in broken symmetry and the infinite-momentum frame,
we developed a new and fascinating equation involving the electromagnetic current
(including its singlet—proportional to the SU(6) singlet), three SU(6) simple roots,
and double commutators using ETCRs.

For notational conciseness and self-containment and use by other researchers,
SU(6) Lie algebra simple roots, positive roots, weights, fundamental weights,
nonzero commutators, and nonzero anticommutators were also determined which
allow construction of all SU(6) representations. Surprisingly — after symmetry
breaking — we discovered that charged and neutral p meson radiative decays into
7y were due entirely to the singlet term in j# (0). Although there is insufficient
experimental data on the radiative decay I'(D*? — D) available at this time, we
derived equations involving physical matrix elements of the SU(6) singlet genera-
tor which allowed parametrization of possible predicted values of T'(D*? — D)
versus .
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